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Quantum dephasing induced by non-Markovian random telegraph noise
Xiangji Cai∗
School of Science, Shandong Jianzhu University, Jinan 250101, China
We theoretically study the dynamical dephasing of a quantum two level system interacting with
an environment exhibiting non-Markovian random telegraph fluctuations. The time evolution of
the conditional probability of the environmental noise is governed by a generalized master equation
depending on the environmental memory effect. The expression of the dephasing factor is derived
exactly which is closely associated with the memory kernel in the generalized master equation for
the conditional probability of the environmental noise. In terms of three important types memory
kernels, we discuss the quantum dephasing dynamics of the system and the non-Markovian character
exhibiting in the dynamical dephasing induced by non-Markovian random telegraph noise. We
show that the dynamical dephasing of the quantum system does not always exhibit non-Markovian
character which results from that the non-Markovian character in the dephasing dynamics depends
both on the environmental non-Markovian character and the interaction between the system and
environment. In addition, the dynamical dephasing of the quantum system can be modulated by the
external modulation frequency of the environment. This result is significant to quantum information
processing and helpful for further understanding non-Markovian dynamics of open quantum systems.
PACS numbers: 03.65.Yz, 05.40.-a, 02.50.-r
I. INTRODUCTION
Quantum coherence plays an important role in quan-
tum mechanics and has received much recent attention
with the development of experimental technique to ob-
serve and control quantum systems [1–3]. A realistic
quantum system always unavoidably interacts with its
environment, which leads to decoherence during the dy-
namical evolution. In the past decades, the decoher-
ence dynamics of open quantum systems has been gen-
erally studied within the framework of Markov approx-
imation. Investigations on the decoherence dynamics of
open quantum systems beyond Markov approximation
has increasingly drawn much attention in a wide vari-
ety of fields ranging from understanding the basic fea-
tures of quantum mechanics to the applications of ad-
vanced experimental technique of coherent manipulation
and control in quantum information science, such as, the
quantification and measurement of the non-Markovian
character in the quantum dynamics [4–14]. It has been
demonstrated both theoretically and experimentally that
non-Markovian dynamical decoherence gives rise to in-
complete loss of coherence due to the backaction of co-
herence from the environment, which makes the quantum
system have long correlation time with the environment.
Many theoretical methods have been well established
to investigate the non-Markovian character in the dy-
namical decoherence of open quantum systems, such
as, non-Markovian quantum state diffusion method [15–
17], projection operator method [18–22], quantum jumps
method [23], nonequilibrium Green-function method [24,
25] and dynamical maps method [26, 27]. Non-Markovian
dynamical decoherence induced by the interaction of a
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quantum system with its environment can be also ac-
curately modeled by means of stochastic processes with
fixed statistical properties of the environmental noise
within the framework of Kubo-Anderson spectral diffu-
sion model. There have been well-established theoreti-
cal investigations on the decoherence dynamics of open
quantum systems usually assuming that the environmen-
tal noise with Markovian statistical properties based on
classical and quantum treatments [28–43]. Random tele-
graph noise (RTN), as an important non-Gaussian noise,
has been widely used to theoretically model the environ-
mental effects on quantum systems in a large variety of
fundamental physical, chemical and biological processes,
such as, fluorescence process of single molecules [44–46],
rate process in chemical reactions [47] and frequency
modulation process in quantum information science [48].
Moreover, it has been well-established experimental in-
vestigations on the dephasing dynamics of open quantum
systems driven by a classical stochastically fluctuating
field [49, 50].
There are many important physical situations where a
quantum system may be coupled to a composite or struc-
tured environment. In these situations, due to the essen-
tial role of the coupling between the sub-environments,
both the dynamical evolution of the quantum system and
the environmental statistical properties display dominant
non-Markovian character, such as, cavity quantum elec-
trodynamics and quantum measurement processes [51–
56]. Hence, it is necessary to take into extensive consider-
ation the memory effects of the environment, namely, the
non-Markovian statistical properties of the environmen-
tal noise, to study the dynamical evolution of the quan-
tum system. Recently, the non-Markovian RTN with
an exponentially correlated memory kernel has been dis-
cussed [57] and widely used to study the relevant issues
of open quantum systems [58–62].
In this paper, we theoretically study the dephasing
2dynamics of a quantum two level system which inter-
acts with a noisy environment exhibiting non-Markovian
RTN statistical properties. The non-Markovian charac-
ter of the environmental noise is governed by a general-
ized master equation for the time evolution of the con-
ditional probability. Based on the environmental non-
Markovian character, the exact expressions of the de-
phasing factor is derived which is closely associated with
the memory kernel of the environmental noise. In the
presence of three important types memory kernels, we
discuss the quantum dephasing dynamics of the system
and the non-Markovian character in the dynamical de-
phasing induced by the non-Markovian RTN. We show
that the non-Markovian character exhibiting in the quan-
tum dephasing dynamics depends both on the environ-
mental non-Markovian character and the interaction be-
tween the system and environment, and that the dynami-
cal dephasing of the quantum system does not always ex-
hibit non-Markovian character. Moreover, we show that
the quantum dynamical dephasing of the system can be
modulated by the external modulation frequency of the
environment.
II. DYNAMICAL DEPHASING IN A NOISY
ENVIRONMENT
We consider the quantum dynamical dephasing of a
two level system in the presence of a noisy environment
which exhibits non-Markovian characters. The environ-
mental effects only influence the coherence of the quan-
tum system and the energy of the system is conserved.
Based on the Kubo-Anderson spectral diffusion model,
the environmental influences on the quantum system lead
to that the transition frequency fluctuates stochastically
as [28, 29]
ω(t) = ω0 + ξ(t), (1)
where the intrinsic transition frequency is denoted by ω0
in the basis {|e〉, |g〉} and the stochastic fluctuation term
ξ(t) obeys a stationary stochastic process caused by the
environmental noise.
The dynamical evolution of the off-diagonal element of
the total density matrix in the basis {|e〉, |g〉} satisfies the
stochastic differential equation [59]
d
dt
ρge(t; ξ(t)) = i[ω0 + ξ(t)]ρge(t; ξ(t)), (2)
where the notation ρge(t; ξ(t)) is employed to indicate
the dependence of the environmental noise ξ(t). By it-
erating Eq. (2) and taking an average over the environ-
mental noise ξ(t), we obtain the off-diagonal element of
the reduced density matrix
ρge(t) = 〈ρge(t; ξ(t))〉 = eiω0tF (t)ρge(0), (3)
with 〈· · · 〉 denoting an average of different realizations
over the environmental noise ξ(t). Here it has been as-
sumed that the system and environment are initially in-
dependent
ρge(0) = 〈ρge(0; ξ(0))〉 = ρge(0; ξ(0)), (4)
and F (t) is the dephasing factor quantifying the coher-
ence evolution of the quantum system which is defined
as the Dyson series expansion in terms of the moments
of the environmental noise [58, 61]
F (t) =
〈
exp
[
i
∫ t
0
dt′ξ(t′)
]〉
= 1+
∞∑
n=1
in
∫ t
0
dt1 · · ·
∫ tn−1
0
dtn〈ξ(t1) · · · ξ(tn)〉.
(5)
Based on the stationary character of the environmental
noise, the odd moments of ξ(t) vanish and the time de-
pendent dephasing factor F (t) in Eq. (22) is real-valued.
To further describe the dynamical dephasing, we em-
ploy two physical quantities in terms of the dephasing
factor F (t): One is the dephasing rate [62]
γ(t) = − F˙ (t)
F (t)
= − 1|F (t)|
d
dt
|F (t)|, (6)
and another is the non-Markovianity [13]
N = −
∫ ∞
0 γ(t)<0
γ(t)|F (t)|dt, (7)
which are closely related to the exchange of a flow of
coherence information between the quantum system and
environment [5, 63]: When γ(t) is negative in some time
interval, the quantum system begins to gain the informa-
tion flowing from the environment and it indicates that
the dephasing dynamics of the quantum system exhibits
some non-Markovian character due to the coherent back-
action from the environment. When γ(t) always takes
positive values, the information flows continuously and
unidirectionally from the system into the environment
and it indicates that the dephasing dynamics of the quan-
tum system only exhibits Markovian character due to no
backaction of coherence from the environment. The non-
Markovianity N denotes the maximal total amount of
the backflow of information from the environment to the
system in the dynamical evolution.
NON-MARKOVIAN RTN
We assume that the environmental noise ξ(t) obeys
a stationary non-Markovian RTN process which jumps
randomly between the values ±1 with with an amplitude
ν and an average transition rate λ. For this noise pro-
cess, the time evolution of the conditional probability is
3governed by a generalized master equation [57, 64, 65]
∂
∂t
P (ν, t|ξ′, t′) =
∫ t
t′
dτK(t− τ)[ − λP (ν, τ |ξ′, t′)
+ λP (−ν, τ |ξ′, t′)],
∂
∂t
P (−ν, t|ξ′, t′) =
∫ t
t′
dτK(t− τ)[ − λP (−ν, τ |ξ′, t′)
+ λP (ν, τ |ξ′, t′)],
(8)
whereK(t−τ) denotes the memory kernel of the environ-
mental noise and the initial condition is P (ξ, t′|ξ′, t′) =
δξ,ξ′ for ξ = ±ν. The environmental noise ξ(t) is
non-Markovian because the Chapman-Kolmogorov equa-
tion is no longer valid unless the memory kernel is
proportional to a δ function [66]. The solution of
the conditional probability can be obtained by taking
the Laplace transform over Eq. (8) as P˜ (ξ, p|ξ′, t′) =∫ +∞
0
P (ξ, t|ξ′, t′)e−ptdt. In the Laplace domain, the con-
ditional probability can be analytically solved as
P˜ (ξ, p|ξ′, t′) = p+ λK˜(p)
p[p+ 2λK˜(p)]
δξ,ξ′ +
λK˜(p)
p[p+ 2λK˜(p)]
δξ,−ξ′
=
1
2
[
1
p
+
1
p+ 2λK˜(p)
]
δξ,ξ′
+
1
2
[
1
p
− 1
p+ 2λK˜(p)
]
δξ,−ξ′ ,
(9)
where K˜(p) is the Laplace transform of the memory ker-
nel of the environmental noise. In Eq. (9), we derive
the exact expression of the conditional probability of
a non-Markovian RTN process with an arbitrary mem-
ory kernel K(t − τ) in the Laplace domain. To obtain
the solution of the time domain conditional probability
P (ξ, t|ξ′, t′), we should take the inverse Laplace trans-
form over Eq. (9). In the memoryless limit of the environ-
mental noise, namely, the memory kernelK(t−τ) = δ(t−
τ) and the statistical property of the environment only
exhibiting Markovian character, the conditional proba-
bility in time domain can be written as P (ξ, t|ξ′, t′) =
1
2 [1 + e
−2λ(t−t′)]δξ,ξ′ +
1
2 [1 − e−2λ(t−t
′)]δξ,−ξ′ , which re-
turns to the previous result given in Ref. 66. Due to
the stationary character of the environmental noise, the
one-point unconditional probability is time independent
P (ξ, t) =
∫
P (ξ, t|ξ0, 0)P (ξ0)dξ0 = 1
2
δξ,ν+
1
2
δξ,−ν , (10)
where the initial distribution is stationary P (ξ0) =
1
2δξ0,ν +
1
2δξ0,−ν.
We focus on the statistical characteristics of the non-
Markovian RTN. The noise process is with zero average
〈ξ(t)〉 = 0, (11)
and its second-order correlation function satisfies
C(t−t′) = 〈ξ(t)ξ(t′)〉 = L−1[C˜(p)], C˜(p) = ν
2
p+ 2λK˜(p)
.
(12)
Here L−1 denotes the inverse Laplace transform. It is
clearly that the second-order correlation function of a
non-Markovian RTN process satisfying the generalized
master equation (8) closely depends on the memory ker-
nel of the environmental noise. Based on the Bayes rule,
the higher odd-order correlation functions vanish
〈ξ(t1)ξ(t2) · · · ξ(t2n−1)〉 = 0, (13)
and the higher even-order correlation functions factorize
as
〈ξ(t1)ξ(t2) · · · ξ(t2n)〉 = 〈ξ(t1)ξ(t2)〉〈ξ(t3) · · · ξ(t2n)〉,
(14)
for all sets of time sequences t1 > t2 > · · · > t2n−1 > t2n
(n ≥ 2). The factorization relations in Eqs. (13) and (14)
for the higher-order correlation functions of a stationary
non-Markovian RTN process was first derived in Ref. 57
which was also derived when a stationary RTN process
exhibits only Markovian character [67, 68]. It is worth
noting that a more general factorization relation for the
higher-order correlation functions of the environmental
noise 〈ξ(t) · · · ξ(tn)〉 = 〈ξ(t)ξ(t1)〉〈ξ(t2) · · · ξ(tn)〉 for
t > t1 > · · · > tn (n ≥ 2) when the RTN process exhibits
nonstationary character and in the limit of stationary
character of the environmental noise, it recovers to the
factorization relations for the higher odd- and even-order
correlation functions in Eqs. (13) and (14) due to the
vanishing of the odd moments of the environmental noise.
EXACT SOLUTION OF THE DEPHASING
FACTOR
Based on the statistical characteristics of the environ-
mental noise ξ(t) obtained above, we can derive that the
partial cumulants higher than the second order vanish
〈ξ(t)ξ(t1) · · · ξ(tn)〉pc = 0, (15)
for every ordered set of time instants t > t1 > · · · >
tn(n ≥ 2). Consequently, the time evolution of the de-
phasing factor yields the integro-differential equation as
follows [61]
d
dt
F (t) = −
∫ t
0
C(t− t′)F (t′)dt′, (16)
with the initial condition F (0) = 1. By means of Laplace
transform of Eq. (16) and based on the second-order cor-
relation function in Eq. (12), the dephasing factor can be
analytically expressed as
F (t) = L−1[F˜ (p)], F˜ (p) = p+ 2λK˜(p)
p
[
p+ 2λK˜(p)
]
+ ν2
.
(17)
4It is clearly that the dephasing factor induced by a non-
Markovian RTN process is closely associated with the
memory effect of the environmental noise. Here, Eq. (17)
gives the exact expression of the dephasing factor induced
by a non-MarkovianRTN process with an arbitrarymem-
ory kernel K(t − τ) in Laplace domain. In contrast to
our previous work in Refs. 58 and 61, it is more con-
venient to calculate the dephasing factor induced by a
non-Markovian RTN process based on the expression de-
rived in Eq. (17) rather than to calculate the statisti-
cal characteristics of the environmental noise in terms of
Eqs. (8)- (14) and then to derive the closed differential
equation for the dephasing factor based on the closure of
the higher-order correlation functions of the environmen-
tal noise [58, 61].
To derive the exact expression of the dephasing factor
F (t) in time domain, we can take the inverse Laplace
transform over the Laplace domain dephasing factor F˜ (p)
in Eq. (17). The Laplace domain dephasing factor F˜ (p)
in Eq. (17) can be generally expressed as a proper rational
function which is the quotient of two real polynomials
F˜ (p) =
p+ 2λK˜(p)
p
[
p+ 2λK˜(p)
]
+ ν2
=
N(p)
D(p)
, (18)
where the degrees of the numerator polynomial N(p)
and denominator polynomial D(p) are m and n respec-
tively, and m < n. The exact expressions of the numera-
tor polynomial N(p) and denominator polynomial D(p)
are closely associated with the Laplace transform of the
memory kernel of the environmental noise. To derive the
time domain dephasing factor, we should obtain the roots
of the denominator polynomial D(p). For the case that
the degree of D(p) is two or three (quadratic or cubic
polynomial), we can derive the time dependent dephas-
ing factor based on the theoretical framework previously
established in Ref. 61. Here, we further derive the gen-
eral expression of the time domain dephasing factor for
an arbitrary degree of the denominator polynomial D(p).
In general, a real polynomial can both have real and com-
plex roots and due to the fact that its nonreal complex
roots always occur in pairs, the denominator polynomial
D(p) can be decomposed as
D(p) =
r∏
j=1
(p− aj)ej
c∏
j=1
[(p− bj)(p− b∗j )]ǫj , (19)
where a1, · · · , ar are the r mutually different real roots,
b1, · · · , bc are the c mutually different pair of nonreal
roots, and we have assumed that the leading coefficient
of D(p) is 1. The positive integer exponents ej and ǫj in
the decomposition of the denominator polynomial D(p)
satisfies
∑r
j ej + 2
∑c
j ǫj = n. Consequently, the decom-
position of the Laplace domain dephasing factor F˜ (p) can
be expressed as partial fractions
F˜ (p) =
N(p)∏r
j=1(p− aj)ej
∏c
j=1[(p− bj)(p− b∗j )]ǫj
=
r∑
j=1
[ αj1
(p− aj)ej + · · ·+
αje1
(p− aj)
]
+
c∑
j=1
{[ βj1
(p− bj)ǫj +
β∗j1
(p− b∗j )ǫj
]
+ · · ·+
[ βjǫ1
(p− bj) +
β∗jǫ1
(p− b∗j )
]}
,
(20)
where the real coefficients αjk and the complex coeffi-
cients βjk satisfy
αjk =
1
(k − 1)!
{ dk−1
dpk−1
[F˜ (p)(p− aj)ej ]
}
p=aj
,
βjk =
1
(k − 1)!
{ dk−1
dpk−1
[F˜ (p)(p− bj)ǫj ]
}
p=bj
.
(21)
By means of the inverse Laplace transform, the dephasing
factor in time domain can be expressed as
F (t) =
r∑
j=1
[αj1tej−1
(ej − 1)! + · · ·+ αje1
]
eajt
+
c∑
j=1
{[βj1tǫj−1
(ǫj − 1)! + · · ·+ βjǫ1
]
ebjt
+
[β∗j1tǫj−1
(ǫj − 1)! + · · ·+ β
∗
jǫ1
]
eb
∗
j t
}
.
(22)
Correspondingly, the first derivative of the dephasing
factor in Laplace domain satisfies
˜˙F (p) = pF˜ (p)− F (0) = − ν2
p
[
p+ 2λK˜(p)
]
+ ν2
. (23)
We can obtain the first time derivative of the dephasing
factor by direct derivation over the time domain dephas-
ing factor in Eq. (22) or by means of inverse Laplace
transform similarly as we dealt with above. As a conse-
quence, the dephasing rate can be expressed as
γ(t) = − F˙ (t)
F (t)
= −L
−1[ ˜˙F (p)]
L−1[F˜ (p)] . (24)
Based on the dephasing rate γ(t) and the definition in
Eq. (7), we can further obtain the maximal backflow of
coherence information from the environment, namely, the
non-Markovianity. However, to derive the expression of
the non-Markovianity, we should know the discrete time
constants t1, t2, · · · , tn for the absolute of the dephasing
factor |F (t)| to obtain the relative extrema, namely, the
stationary points and singular points by d/dt|F (t)| = 0.
Due to the continuity of the dephasing factor F (t) and
5based on the initial condition F (0) = 1, the stationary
points and singular points for the relative minima and
maxima in the absolute of the dephasing factor |F (t)|
appear alternately. Consequently, the non-Markovianity
can be formally expressed as
N = −
∫ ∞
0 γ(t)<0
γ(t)|F (t)|dt = −
∑
j=1
∫ t2j
t2j−1
γ(t)|F (t)|dt,
(25)
where the integral in the sum is taken over all the time
intervals [t2j−1, t2j ] in which the dephasing rate γ(t) is
below zero. In general, the number of the time intervals
[t2j−1, t2j ] is infinite and it is very hard to calculate the
non-Markovianity analytically by means of the expres-
sion in Eq. (25). We introduce an relatively easy method
to calculate the non-Markovianity numerically by rewrit-
ing Eq. (6) as
d
dt
|F (t)| = −γ(t)|F (t)|, (26)
By taking an integral over time of Eq. (26) from t = 0 to
t =∞, we obtain the relation as follows
|F (∞)| − |F (0)| = −
∫ ∞
0
γ(t)|F (t)|dt. (27)
Based on the definition for non-Markovianity in Eq. (7)
and the vanishing of the dephasing factor F (∞) = 0 in
the long time limit, the non-Markovianity via numerical
calculation can be easily expressed as
N = 1
2
[∫ ∞
0
|γ(t)F (t)|dt− 1
]
. (28)
III. THEORETICAL RESULTS AND
DISCUSSION
There are two dynamics regimes which can be identi-
fied in terms of the jumping amplitude ν and transition
rate λ of the environmental noise exhibiting only Marko-
vian character [69, 70]: the weak coupling regime with
ν < λ and the strong coupling regime with ν > λ. In the
following, we mainly focus on the dephasing dynamics
of the quantum system in the two dynamics regimes by
considering three important types environmental mem-
ory kernel.
A. Memoryless limit
We first consider the case that environmental noise is
in the memoryless limit K(t − τ) = δ(t − τ), e.g., the
statistical property of the environment is Markovian. In
this case, the Laplace transform of the memory kernel
yields K˜(p) = 1 and thus the Laplace domain dephasing
factor in Eq. (17) and its first derivative in Eq. (23) can
be reduced to
F˜ (p) =
p+ 2λ
p(p+ 2λ) + ν2
, ˜˙F (p) = − ν2
p(p+ 2λ) + ν2
.
(29)
By taking the inverse Laplace transform of Eq. (29), we
can obtain the dephasing factor in time domain as
F (t) = e−λt

cosh
(
t
√
λ2 − ν2)+ λ√
λ2−ν2 sinh
(
t
√
λ2 − ν2),
1 + λt,
cos
(
t
√
ν2 − λ2)+ λ√
ν2−λ2 sin
(
t
√
ν2 − λ2),
(30)
for ν < λ, ν = λ and ν > λ, respectively. This expres-
sion is consistent with the well-known results obtained in
Refs. 71–73. Correspondingly, the dephasing rate can be
written as
γ(t) =

ν2 sinh
(
t
√
λ2−ν2
)
√
λ2−ν2 cosh
(
t
√
λ2−ν2
)
+λ sinh
(
t
√
λ2−ν2
) , ν < λ,
λ2t
1+λt , ν = λ,
ν2 sin
(
t
√
ν2−λ2
)
√
ν2−λ2 cos
(
t
√
ν2−λ2
)
+λ sin
(
t
√
ν2−λ2
) , ν > λ.
(31)
Figure 1 (a) shows the dephasing factor |F (t)| as a
function of the evolution time induced by the RTN in
the memoryless limit for different values of the coupling
ν. In weak coupling (ν < λ), the dephasing factor only
displays monotonical decay which reflects that the quan-
tum dephasing dynamics of the system is always Marko-
vian and the non-Markovianity is zero. Furthermore,
the decay in the dephasing factor become fast as the
coupling increases implying that the coupling can en-
hance the quantum dephasing dynamics of the system.
In strong coupling (ν > λ), the decay in the dephas-
ing factor is nonmonotonical with periodic zeros which
indicates that the quantum dephasing dynamics of the
system is non-Markovian and the non-Markovianity is
no longer zero due to coherence revivals. In addition,
as the coupling increases, the oscillatory behavior exhib-
ited in the dephasing factor is more and more obvious
and the emergence of coherence revivals becomes ahead
of time. Figure 1 (b) shows the non-Markovianity N
as a function of the coupling ν. The quantum dynam-
ical dephasing of the system displays a transition from
Markovian (zero non-Markovianity) to non-Markovian
(non-zero non-Markovianity) as the coupling increases
with the boundary of the weak and strong coupling
regimes ν = λ. In the strong coupling regime, the non-
Markovianity become larger as the coupling increases
which suggests the enhancement of the non-Markovian
character in the quantum dephasing dynamics of the sys-
tem.
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FIG. 1. (Color online) (a) Time evolution of the dephasing factor |F (t)| induced by the Markovian RTN for different values of
the coupling ν. (b) Scaled non-Markovianity N˜ = N/(N + 1)) as a function of the coupling ν.
B. Exponential memory kernel
We consider that the statistical property of the en-
vironmental noise is non-Markovian, where the memory
kernel of the environment is of a widely used exponential
form K(t−τ) = κe−κ(t−τ) with the decay rate κ [74, 75].
In this case, the Laplace transform of the memory ker-
nel satisfies K˜(p) = κ
p+κ . Thus, in Laplace domain
the dephasing factor together with its first derivative in
Eqs. (17) and (23) can be respectively expressed as
F˜ (p) =
p+ 2λκ
p+κ
p
(
p+ 2λκ
p+κ
)
+ ν2
, ˜˙F (p) = − ν2
p
(
p+ 2λκ
p+κ
)
+ ν2
.
(32)
This result is completely compatible with that we ob-
tained in Refs. 58 and 61 when the environmental noise
is stationary. The expression of the dephasing factor in
time domain can be, by taking the inverse Laplace trans-
form of Eq. (32), written as the form as we derived in
Eq. (22) which we also derived in Ref. 61.
Figure 2 shows the dephasing factor |F (t)| as a function
of the evolution time induced by the non-Markovian RTN
for different values of the memory decay rate κ. As shown
in Fig. 2 (a), in the weak coupling regime, the dephas-
ing factor displays nonmonotonical decay with nonzero
coherence revivals for a given memory decay rate. In
contrast, in the strong coupling regime, as displayed in
Fig. 2 (b), the dephasing factor shows nonmonotonical
oscillatory decay with zero coherence revivals. In addi-
tion, the dephasing factor gets reduced and the nonmono-
tonical oscillations in the dephasing factor get enhanced
as the environmental memory effect increases. These re-
sults imply that the memory effect of the environmental
noise can reduce the quantum dynamical dephasing but
enhance the non-Markovian character exhibited in the
quantum dephasing dynamics of the system.
Figure 3 shows the non-Markovianity N induced by
the non-Markovian RTN as a function of the coupling
ν for different values of the memory decay rate κ. For
a given memory decay rate, the quantum dephasing dy-
namics of the system displays an obvious transition from
Markovian (zero non-Markovianity) to non-Markovian
(nonzero non-Markovianity) as the coupling increases
and the transition boundary depends on the memory de-
cay rate: The stronger the environmental memory effect
is, the smaller the transition boundary of the coupling is.
In addition, for a given coupling, as the memory decay
rate decreases, the non-Markovianity increases. These
results indicate that the non-Markovian character of the
environment can increase the non-Markovian character
in the quantum dephasing dynamics of the system and
expand the non-Markovian dynamics region.
C. Modulatable memory kernel
We consider that the environmental noise is a modulat-
able non-Markovian process, where the memory kernel of
the environment satisfies K(t− τ) = κe−κ(t−τ) cos[Ω(t−
τ)] with the decay rate κ and external modulation fre-
quency Ω of the environment [76, 77]. In this case,
the memory kernel in Laplace domain yields K˜(p) =
κ(p+κ)
(p+κ)2+Ω2 and the dephasing factor in Eq. (17) and its
first derivative in Eq. (23) can be respectively written as
F˜ (p) =
p+ 2λκ(p+κ)(p+κ)2+Ω2
p
[
p+ 2λκ(p+κ)(p+κ)2+Ω2
]
+ ν2
,
˜˙F (p) = − ν2
p
[
p+ 2λκ(p+κ)(p+κ)2+Ω2
]
+ ν2
.
(33)
The dephasing factor in time domain can be, by taking
the inverse Laplace transform of Eq. (32), expressed in
the form as we derived in Eq. (22). The expression of
the dephasing factor in Eq. (33) is consistent with that
in Eq. (32) when there is no environmental external mod-
ulation Ω = 0.
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FIG. 2. (Color online) Time evolution of the dephasing factor |F (t)| induced by the non-Markovian RTN for different values
of the memory decay rate κ in (a) the weak coupling regime with ν = 0.6λ and (b) the strong coupling regime with ν = 3λ.
Dash black line indicates the memoryless case of the RTN.
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FIG. 3. (Color online) Scaled non-Markovianity N˜ = N/(N+
1) as a function of the coupling ν for different memory decay
rate κ. Dash black line indicates the case of the Markovian
RTN.
We first plot the phase diagram in the κ ∼ ν plane
to identify Markovian and non-Markovian quantum dy-
namics regions of the system in the presence of the non-
Markovian RTN without frequency modulation Ω = 0 in
Fig. 4. As shown in the figure, we can clearly see that
the quantum dynamics of the system is not always non-
Markovian when the environmental statistical property
is non-Markovian, and that the non-Markovian charac-
ter in the quantum dephasing dynamics depends both
on the environmental non-Markovian character and the
coupling between the system and the environment [58].
In strong coupling (ν > λ), the quantum dephasing dy-
namics of the system is always non-Markovian (nonzero
non-Markovianity) whereas it exhibits a transition from
non-Markovian (nonzero non-Markovianity) to Marko-
vian (zero non-Markovianity) in weak coupling (ν < λ)
resulting from the memory effect of the environmental
noise: The stronger the coupling is (the larger ν is), the
FIG. 4. (Color online) Phase diagram via intensity plot of the
scaled non-Markovianity N˜ = N/(N + 1) in the κ ∼ ν plane
for the transition between Markovian and non-Markovian de-
phasing dynamics with no frequency modulation Ω = 0.
larger the threshold value of the memory decay rate κth
for the transition boundary is. In addition, the threshold
value κth depends closely on the value of the coupling ν.
For example, the threshold value of the memory decay
rate κ is κth = 1.23λ for the coupling ν = 0.8λ.
Figure 5 shows the time evolution of the dephasing
factor |F (t)| induced by the non-Markovian RTN for dif-
ferent values of the external modulation frequency Ω of
the environment in two dynamics regions identified in
Fig. 4. In the Markovian dynamics region as shown in
Fig. 5 (a), the dephasing factor first decays fast and
then starts to display non-Markovian character as the
external modulation frequency of the environment in-
creases. These results indicate that the environmental
external modulation can make the quantum dephasing
dynamics of the system undergo a transition between
Markovian (zero non-Markovianity) and non-Markovian
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FIG. 5. (Color online) Time evolution of the dephasing factor |F (t)| induced by the non-Markovian RTN in two dynamics
regions identified in Fig. 4 for different values of the external modulation frequency Ω of the environment (a) the Markovian
region with ν = 0.8λ and (b) the non-Markovian region with ν = 3λ. The memory decay rate κ = 3λ. Dash black line indicates
the case with no frequency modulation Ω = 0.
(nonzero non-Markovianity) in this dynamics region. In
contrast to the Markovian dynamics region, the environ-
mental external modulation can only enhance the non-
Markovian character in the quantum dephasing dynamics
in non-Markovian dynamics region as displayed in Fig. 5
(b). These results suggest that the quantum dephasing
dynamics can be well modulated by the external modu-
lation frequency of the environment.
IV. CONCLUSIONS
We have theoretically studied the dynamical dephas-
ing of a quantum system coupled to an environment ex-
hibiting non-Markovian random telegraph fluctuations
depending on the environmental memory effect. We
have derived the exact expression of the dephasing factor
closely associated with the memory kernel of the environ-
mental noise. Based on three important types memory
kernel of the environmental noise, we have shown that
the dephasing dynamics of the quantum system is not al-
ways non-Markovian, and that the non-Markovian char-
acter in the quantum dephasing dynamics depends both
on the environmental non-Markovian character and the
coupling between the system and environment. More-
over, we have shown that the quantum dephasing dy-
namics of the system can be modulated by the external
modulation frequency of the environment. We hope that
the investigation in the paper will be helpful for further
understanding of the non-Markovian quantum dephasing
dynamics of open quantum systems and will be effective
in suppressing and controlling the quantum dynamical
dephasing in the presence of a non-Markovian environ-
ment.
ACKNOWLEDGMENTS
X.C. acknowledges the support from the Doctoral Re-
search Fund of Shandong Jianzhu University under Grant
No. XNBS1852.
[1] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantify-
ing coherence, Phys. Rev. Lett. 113, 140401 (2014).
[2] A. Streltsov, G. Adesso, and M. B. Plenio, Colloquium :
Quantum coherence as a resource, Rev. Mod. Phys. 89,
041003 (2017).
[3] M.-L. Hu, X. Hu, J. Wang, Y. Peng, Y.-R. Zhang, and
H. Fan, Quantum coherence and geometric quantum dis-
cord, Phys. Rep. 762, 1 (2018).
[4] H. P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, New York,
2002).
[5] H. Breuer, E. Laine, and J. Piilo, Measure for the degree
of non-Markovian behavior of quantum processes in open
systems, Phys. Rev. Lett. 103, 210401 (2009).
[6] A. Rivas, S. F. Huelga, and M. B. Plenio, Entanglement
and non-Markovianity of quantum evolutions, Phys. Rev.
Lett. 105, 050403 (2010).
[7] D. Chrus´cin´ski and S. Maniscalco, Degree of non-
Markovianity of quantum evolution, Phys. Rev. Lett.
112, 120404 (2014).
[8] A. Rivas, S. F. Huelga, and M. B. Plenio, Quantum non-
Markovianity: characterization, quantification and de-
tection, Rep. Prog. Phys. 77, 094001 (2014).
[9] B. Bylicka, D. Chrus´cin´ski, and S. Maniscalco, Non-
Markovianity and reservoir memory of quantum chan-
nels: a quantum information theory perspective, Sci.
Rep. 4, 5720 (2014).
[10] P. Haikka, S. McEndoo, G. De Chiara, G. M. Palma,
and S. Maniscalco, Quantifying, characterizing, and con-
trolling information flow in ultracold atomic gases, Phys.
Rev. A 84, 031602 (2011).
9[11] F. F. Fanchini, G. Karpat, B. C¸akmak, L. K. Castelano,
G. H. Aguilar, O. J. Far´ıas, S. P. Walborn, P. H. S.
Ribeiro, and M. C. de Oliveira, Non-Markovianity
through accessible information, Phys. Rev. Lett. 112,
210402 (2014).
[12] S. Haseli, G. Karpat, S. Salimi, A. S. Khorashad, F. F.
Fanchini, B. C¸akmak, G. H. Aguilar, S. P. Walborn, and
P. H. S. Ribeiro, Non-Markovianity through flow of in-
formation between a system and an environment, Phys.
Rev. A 90, 052118 (2014).
[13] H. Breuer, E. Laine, J. Piilo, and B. Vacchini, Colloquium
: Non-Markovian dynamics in open quantum systems,
Rev. Mod. Phys. 88, 021002 (2016).
[14] I. de Vega and D. Alonso, Dynamics of non-Markovian
open quantum systems, Rev. Mod. Phys. 89, 015001
(2017).
[15] L. Dio´si, N. Gisin, and W. T. Strunz, Non-Markovian
quantum state diffusion, Phys. Rev. A 58, 1699 (1998).
[16] T. Yu, L. Dio´si, N. Gisin, and W. T. Strunz, Non-
Markovian quantum-state diffusion: Perturbation ap-
proach, Phys. Rev. A 60, 91 (1999).
[17] W. T. Strunz, L. Dio´si, and N. Gisin, Open system dy-
namics with non-Markovian quantum trajectories, Phys.
Rev. Lett. 82, 1801 (1999).
[18] H.-P. Breuer, B. Kappler, and F. Petruccione, Stochastic
wave-function method for non-Markovian quantum mas-
ter equations, Phys. Rev. A 59, 1633 (1999).
[19] H.-P. Breuer, D. Burgarth, and F. Petruccione, Non-
Markovian dynamics in a spin star system: Exact so-
lution and approximation techniques, Phys. Rev. B 70,
045323 (2004).
[20] A. A. Budini, Random Lindblad equations from complex
environments, Phys. Rev. E 72, 056106 (2005).
[21] H.-P. Breuer, J. Gemmer, and M. Michel, Non-Markovian
quantum dynamics: Correlated projection superopera-
tors and hilbert space averaging, Phys. Rev. E 73, 016139
(2006).
[22] X. Cai, Quantum dynamics in a fluctuating environment,
Entropy 21, 1040 (2019).
[23] J. Piilo, K. Ha¨rko¨nen, S. Maniscalco, and K.-A. Suomi-
nen, Open system dynamics with non-Markovian quan-
tum jumps, Phys. Rev. A 79, 062112 (2009).
[24] M. W. Y. Tu and W.-M. Zhang, Non-Markovian deco-
herence theory for a double-dot charge qubit, Phys. Rev.
B 78, 235311 (2008).
[25] W.-M. Zhang, P.-Y. Lo, H.-N. Xiong, M. W.-Y. Tu, and
F. Nori, General non-Markovian dynamics of open quan-
tum systems, Phys. Rev. Lett. 109, 170402 (2012).
[26] A. Shabani and D. A. Lidar, Completely positive post-
Markovian master equation via a measurement approach,
Phys. Rev. A 71, 020101 (2005).
[27] B. Vacchini, Non-Markovian master equations from
piecewise dynamics, Phys. Rev. A 87, 030101 (2013).
[28] P. W. Anderson, A mathematical model for the narrow-
ing of spectral lines by exchange or motion, J. Phys. Soc.
Jpn. 9, 316 (1954).
[29] R. Kubo, Note on the stochastic theory of resonance ab-
sorption, J. Phys. Soc. Jpn. 9, 935 (1954).
[30] E. Paladino, L. Faoro, G. Falci, and R. Fazio, Decoher-
ence and 1/f noise in Josephson qubits, Phys. Rev. Lett.
88, 228304 (2002).
[31] G. Falci, A. D’Arrigo, A. Mastellone, and E. Paladino,
Initial decoherence in solid state qubits, Phys. Rev. Lett.
94, 167002 (2005).
[32] A. Chenu, M. Beau, J. Cao, and A. del Campo, Quantum
simulation of generic many-body open system dynamics
using classical noise, Phys. Rev. Lett. 118, 140403 (2017).
[33] Y.-A. Yan and J. Shao, Equivalence of stochastic for-
mulations and master equations for open systems, Phys.
Rev. A 97, 042126 (2018).
[34] C. C. Martens, Communication: Decoherence in a
nonequilibrium environment: An analytically solvable
model, J. Chem. Phys. 133, 241101 (2010).
[35] C. C. Martens, Theory and simulation of the loss of co-
herence in thermal and nonequilibrium environments, J.
Phys. B 45, 154008 (2012).
[36] C. C. Martens, Quantum dephasing of a two-state system
by a nonequilibrium harmonic oscillator, J. Chem. Phys.
139, 024109 (2013).
[37] E. Paladino, Y. M. Galperin, G. Falci, and B. L. Alt-
shuler, 1/f noise: Implications for solid-state quantum
information, Rev. Mod. Phys. 86, 361 (2014).
[38] J. Ma and J. Cao, Fo¨rster resonance energy transfer, ab-
sorption and emission spectra in multichromophoric sys-
tems. I. Full cumulant expansions and system-bath en-
tanglement, J. Chem. Phys. 142, 094106 (2015).
[39] J. Ma, J. Moix, and J. Cao, Fo¨rster resonance energy
transfer, absorption and emission spectra in multichro-
mophoric systems. II. Hybrid cumulant expansion, J.
Chem. Phys. 142, 094107 (2015).
[40] L. Magazzu`, D. Valenti, A. Carollo, and B. Spagnolo,
Multi-state quantum dissipative dynamics in sub-ohmic
environment: The strong coupling regime, Entropy 17,
2341 (2015).
[41] L. Magazzu`, A. Carollo, B. Spagnolo, and D. Valenti,
Quantum dissipative dynamics of a bistable system in
the sub-Ohmic to super-Ohmic regime, J. Stat. Mech.
2016, 054016 (2016).
[42] C.-Y. Hsieh and J. Cao, A unified stochastic formulation
of dissipative quantum dynamics. I. Generalized hierar-
chical equations, J. Chem. Phys. 148, 014103 (2018).
[43] C.-Y. Hsieh and J. Cao, A unified stochastic formulation
of dissipative quantum dynamics. II. Beyond linear re-
sponse of spin baths, J. Chem. Phys. 148, 014104 (2018).
[44] Y. Zheng and F. L. H. Brown, Single-molecule photon
counting statistics via generalized optical bloch equa-
tions, Phys. Rev. Lett. 90, 238305 (2003).
[45] E. Barkai, Y. J. Jung, and R. Silbey, Theory of single-
molecule spectroscopy: Beyond the ensemble average,
Annu. Rev. Phys. Chem. 55, 457 (2004).
[46] X. Brokmann, J. P. Hermier, G. Messin, P. Desbiolles,
J. P. Bouchaud, and M. Dahan, Statistical aging and
nonergodicity in the fluorescence of single nanocrystals,
Phys. Rev. Lett. 90, 120601 (2003).
[47] P. Ha¨nggi, P. Talkner, and M. Borkovec, Reaction-rate
theory: fifty years after Kramers, Rev. Mod. Phys. 62,
251 (1990).
[48] M. P. Silveri, J. A. Tuorila, E. V. Thuneberg, and G. S.
Paraoanu, Quantum systems under frequency modula-
tion, Rep. Prog. Phys. 80, 056002 (2017).
[49] S. Cialdi, M. A. C. Rossi, C. Benedetti, B. Vacchini,
D. Tamascelli, S. Olivares, and M. G. A. Paris, All-optical
quantum simulator of qubit noisy channels, Appl. Phys.
Lett. 110, 081107 (2017).
[50] S. Cialdi, C. Benedetti, D. Tamascelli, S. Olivares,
M. G. A. Paris, and B. Vacchini, Experimental inves-
tigation of the effect of classical noise on quantum non-
Markovian dynamics, arXiv:1909.01113.
10
[51] K. H. Madsen, S. Ates, T. Lund-Hansen, A. Lo¨ffler,
S. Reitzenstein, A. Forchel, and P. Lodahl, Observation
of non-Markovian dynamics of a single quantum dot in a
micropillar cavity, Phys. Rev. Lett. 106, 233601 (2011).
[52] S. A. Gurvitz and D. Mozyrsky, Quantum mechanical ap-
proach to decoherence and relaxation generated by fluc-
tuating environment, Phys. Rev. B 77, 075325 (2008).
[53] T. Ma, Y. Chen, T. Chen, S. R. Hedemann, and T. Yu,
Crossover between non-Markovian and Markovian dy-
namics induced by a hierarchical environment, Phys.
Rev. A 90, 042108 (2014).
[54] F. C. Lombardo and P. I. Villar, Correction to the geo-
metric phase by structured environments: The onset of
non-Markovian effects, Phys. Rev. A 91, 042111 (2015).
[55] Z. Man, Y. Xia, and R. Lo Franco, Harnessing non-
Markovian quantum memory by environmental coupling,
Phys. Rev. A 92, 012315 (2015).
[56] C. Wang, J. Ren, and J. Cao, Unifying quantum heat
transfer in a nonequilibrium spin-boson model with full
counting statistics, Phys. Rev. A 95, 023610 (2017).
[57] A. Fulin´ski, Non-Markovian noise, Phys. Rev. E 50, 2668
(1994).
[58] X. Cai and Y. Zheng, Decoherence induced by non-
Markovian noise in a nonequilibrium environment, Phys.
Rev. A 94, 042110 (2016).
[59] X. Cai and Y. Zheng, Quantum dynamical speedup in
a nonequilibrium environment, Phys. Rev. A 95, 052104
(2017).
[60] A. Fulin´ski, Exact nonmarkovianity measure based on
time autocorrelation functions, Europhys. Lett. 118,
60002 (2017).
[61] X. Cai and Y. Zheng, Non-Markovian decoherence dy-
namics in nonequilibrium environments, J. Chem. Phys.
149, 094107 (2018).
[62] X. Cai, R. Meng, Y. Zhang, and L. Wang, Geometry
of quantum evolution in a nonequilibrium environment,
Europhys. Lett. 125, 30007 (2019).
[63] E. M. Laine, J. Piilo, and H. P. Breuer, Measure for the
non-Markovianity of quantum processes, Phys. Rev. A
81, 062115 (2010).
[64] P. Ha¨nggi and H. Thomas, Time evolution, correlations,
and linear response of non-Markov processes, Z. Phys. B
26, 85 (1977).
[65] P. Ha¨nggi and H. Thomas, Stochastic processes: Time
evolution, symmetries and linear response, Phys. Rep.
88, 207 (1982).
[66] N. G. van Kampen, Stochastic Process in Physics and
Chemistry (North-Holland, Amsterdam, 1992).
[67] R. C. Bourret, Brownian motion of harmonic oscillator
with stochastic frequency, Physica 65, 303 (1973).
[68] K. Wo´dkiewicz, B. W. Shore, and J. H. Eberly, Noise
in strong laser-atom interactions: Frequency fluctuations
and nonexponential correlations, Phys. Rev. A 30, 2390
(1984).
[69] J. Bergli and L. Faoro, Exact solution for the dynamical
decoupling of a qubit with telegraph noise, Phys. Rev. B
75, 054515 (2007).
[70] L. Cywin´ski, R. M. Lutchyn, C. P. Nave, and
S. Das Sarma, How to enhance dephasing time in su-
perconducting qubits, Phys. Rev. B 77, 174509 (2008).
[71] B. Abel and F. Marquardt, Decoherence by quantum
telegraph noise: A numerical evaluation, Phys. Rev. B
78, 201302 (2008).
[72] C. Neuenhahn, B. Kubala, B. Abel, and F. Mar-
quardt, Recent progress in open quantum systems: Non-
Gaussian noise and decoherence in fermionic systems,
Phys. Status Solidi B 246, 1018 (2009).
[73] A. Ayachi, W. B. Chouikha, S. Jaziri, and R. Bennaceur,
Telegraph noise effects on two charge qubits in double
quantum dots, Phys. Rev. A 89, 012330 (2014).
[74] S. Maniscalco and F. Petruccione, Non-Markovian dy-
namics of a qubit, Phys. Rev. A 73, 012111 (2006).
[75] L. Mazzola, E. M. Laine, H. P. Breuer, S. Maniscalco, and
J. Piilo, Phenomenological memory-kernel master equa-
tions and time-dependent Markovian processes, Phys.
Rev. A 81, 062120 (2010).
[76] K. Lindenberg and B. J. West, Statistical properties of
quantum systems: The linear oscillator, Phys. Rev. A
30, 568 (1984).
[77] S. A. Kalandarov, Z. Kanokov, G. G. Adamian, N. V.
Antonenko, and W. Scheid, Non-Markovian dynamics of
an open quantum system with nonstationary coupling,
Phys. Rev. E 83, 041104 (2011).
